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Based on density matrix renormalization group method, we investigate the spin-orbit coupled
Fermi gas with attractive interactions in one-dimensional optical lattice and present a complete
phase diagram for a quarter-filling system with intermediate strong interactions. We unveil the
exotic pairings induced by spin-orbit couplings and the phase transitions between different pairing
states, and further demonstrate the existence of the long-sought topological superfluid state at
moderate magnetic field and spin-orbit coupling strength. For the particle conserved system, this
topological superfluid state can be fixed by its gapless single particle excitation, Luttinger parameter
and non-trivial boundary effect. Our study removes out the widespread doubt on the existence of
topological superfluid in one dimension and paves the way for simulating topological superfluid
states in cold atom settings.
PACS numbers: 71.10.Pm, 03.75.Ss, 03.65.Vf, 71.70.Ej
Introduction.- Systems of ultracold atoms have pro-
vided ideal platforms for simulating intriguing physics in
condensed matter physics for their extremely purity and
highly controllability. Among the most interesting top-
ics, the study of topologically nontrivial states, includ-
ing topological insulators and topological superconduc-
tors (superfluids) [1], has challenged our understanding
of classification of states of matter. As the spin-orbit cou-
pling (SOC) plays a crucial role in realizing non-trivial
topological states, recent experimental progress on gen-
erating synthetic gauge fields and SOC [2] in cold atomic
gases [3–9] has made it a promising goal to directly sim-
ulating topological phases in cold atom settings.
A hallmark of the one-dimensional (1D) topological
superfluids (TSF) is the emergence of boundary Majo-
rana zero modes [10], which is believed to be a key in-
gredient for topological quantum computation [11] and
attracted intensive recent studies [12–21]. The mecha-
nism for realizing the TSF in spin-orbit coupled systems
roots in the induced effective p-wave pairings [22], ac-
companied by the Zeeman field and pairing correlation,
which comes from artificial mean-field treatment or prox-
imity effect to the usual s-wave superconductors. For a
quasi-1D quantum system with SOC, it inevitably suf-
fers from strong quantum fluctuation, which prevents the
formation of true long-range superfluid order and leaves
mean-field treatment questionable. In a pioneering work
[12] by Ruhman et. al., based on an effective field theory
analysis, they discussed the possibility of realizing TSF
in 1D Rashba-type SOC systems with attractive inter-
actions and concluded that the topological degeneracy
only appears in a configuration including at least two
topological regions, which is notably different from the
previous mean field studies. The Majorana-like quasi-
zero modes are associated with interfaces between dis-
tinct phases that may form in different regions of the
harmonic trap due to the spatial variation of the chem-
ical potential. Another work regarding to the pairings
of the spin-orbit coupled Fermi gas on a 1D optical lat-
tice [13] has demonstrated the existence of exotic pair-
ing states, including BCS pairing state, Fulde-Ferrell-
Larkin-Ovchinnikov (FFLO) state, and mixed pairing
state where BCS and FFLO correlations coexist. How-
ever, some basic questions, i.e., whether an isolated 1D
uniform quantum wire can support TSF states and how
to characterize these states, are yet to be answered.
In this work, based on density matrix renormalization
group (DMRG) algorithm [23, 24], we study the exotic
pairing states and phase diagram of the attractive Fermi
gas with synthetic SOC in a 1D optical lattice. The inter-
play between SOC, Zeeman field and attractive interac-
tion induces a series of phase transitions between different
pairing states which are characterized by pairing corre-
lations in momentum space. The TSF phase can exist at
moderate magnetic field and SOC strength with filling
factor deviating from the half-filling. The pairing of this
topological phase in momentum space exhibits two sub-
peaks and one main zero peak. For this non-trivial topo-
logical phase, the single-particle excitations are gapless.
Under open boundary conditions (OBC), its transverse
spin polarization, together with the single-particle exci-
tation, mainly resides at two ends of the system. These
results confirm the existence of the long-sought topolog-
ical superfluid state.
Model.-We consider the Fermi gas with synthetic SOC
trapped in a deep 1D optical lattice described by the
2following effective model
H = Ht +HSOC +HZ +HU (1)
with
Ht = −t
∑
i,σ
(c†iσci+1σ + h.c.), (2)
HSOC = α
∑
i
(c†i↑ci+1↓ − c
†
i↓ci+1↑ + h.c.), (3)
HZ +HU = h
∑
i
(ni↑ − ni↓) + U
∑
i
ni↑ni↓, (4)
where ci,σ denotes the fermion annihilation operator with
spin σ at site i. The SOC term represents the hopping
between nearest sites accompanied by spin flipping with
strength α. The strength of the on-site interaction U
can be fine tuned by Feshbach resonance or confinement
induced resonance [25], h is the strength of magnetic field,
and the filling factor is defined as ν = N/L. The above
model has the particle-hole symmetry which is invariant
under the transformation [13] ci,σ → σ(−1)
id†i,−σ. Only
filling ν ≤ 1 need to be considered. For convenience, we
set t = 1 as units of energy and take a fixed U = −4
in the subsequent calculations. Our DMRG calculations
are performed under OBC with truncation error smaller
than 10−5 for the ground state energy.
To understand the possible exotic pairings, we briefly
discuss the single particle spectrum ǫ(k) = −2t cosk ±√
4α2(sin k)2 + h2, corresponding to the noninteracting
Hamiltonian H0(k) = −2t coskI + hσz − 2α sin kσy in
the momentum space. In the absence of SOC, the mag-
netic field splits the spectrum into two bands with each
band fully polarized along the opposite direction of σz.
As shown in Fig.1(a), only interband finite-momentum
pairings are possible if the attractive interaction is con-
sidered. On the other hand, if only SOC exists, there
exists an effective momentum-dependent field along the
σy direction and the spectrum is also split into two bands
as shown in Fig.1(b), with momentum-dependent polar-
ization in each band. For k > 0, the polarization of the
upper and lower band is | →〉 and | ←〉, respectively,
while for k < 0, it is reversed. Once the attractive in-
teraction is imposed, intra-band BCS-type pairings oc-
cur. Coexistence of the SOC and magnetic field opens
a gap at k = 0, and the phase transition between BCS
and FFLO pairing states may be realized by tuning the
SOC or magnetic field. As shown in Fig.1(c), when the
filling ν = 1, both intra-band and inter-band pairings
can be induced as the spin polarization contains both up
and down components. This indicates the possibility of
the coexistence of FFLO and BCS type pairings. For
lower (or higher) fillings as indicated by black solid lines,
only intra-band pairings are possible. In the mean-field
scheme, the system may enter a TSF phase with the ex-
istence of majorana zero modes at two ends of the chain.
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FIG. 1: (Color online) Dispersion relations of SOC Fermi gas
with (a) only magnetic field; (b) only SOC; (c) both mag-
netic field and SOC. The red solid and blue dashed curves
represent lower and upper bands, respectively. The arrows
indicate the spin-polarizations in σz and σy directions. The
horizontal dotted lines denote chemical potential. The black
solid horizontal line corresponds to TSF permitted regions
from mean-field results.
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FIG. 2: (Color online) Phase diagram for the system with
N = 24 and L = 48 determined by DMRG. The phase di-
agram contains six phases: BCS pairing phase, FFLO pair-
ing state, mixed pairing state(MP), LE state, TSF state and
metal state.
Phase diagram and analysis of DMRG results.- From
the mean-field study [15, 16], the topological phase
should exist at filling deviating from ν = 1 and with a
moderate magnetic field to insure the chemical potential
lies in the Zeeman gap. As the system has the particle-
hole symmetry, we here only consider the ν = 1/2 case.
Before going into the detailed analysis of our DMRG re-
sults, we first summary the phase diagram in Fig.2 for
a system with the lattice size L = 48. There exist six
phases in the α − h phase space, namely, BCS pairing
phase, FFLO pairing state, mixed pairing state, Luther-
Emery (LE) state, TSF state as well as metallic state.
In order to identify different pairing states, we define the
3following two order parameters, i.e., the magnetization
〈σz〉 =
∑
i
〈ni↑ − ni↓〉, (5)
and the singlet pairing
P ijs = 〈c
†
i↓c
†
i↑cj↑cj↓〉. (6)
The Fourier transformation of the real space pair corre-
lation function Ps(k) =
∑
ij P
ij
s e
ik(i−j) gives the pairing
pattern in momentum space. For a small magnetic field,
the system is always in the BCS pairing state. If the
SOC strength is small, increasing magnetic field will in-
duce a phase transition directly from the BCS state to
the FFLO state [26, 27], and then to the metal state.
Things will largely change if the SOC strength is set at
the moderate strength. The system undergoes first from
the BCS state to the mixed pairing state [13] then to the
FFLO state or the metal state. The BCS, FFLO and
mixed pairing phase can be distinguished by the s-wave
pairing correlations in momentum space. For the BCS
phase, the pairing peak occurs at k = 0 and the pairing
correlation in real space is always positive. For the FFLO
state, the pairing peak is at finite momentum k = ±Q.
The pairing correlation in real space oscillates around
zero with period 1/Q. For the mixed pairing state, the
pairing peaks in momentum space appear at both k = 0
and k = ±Q. This novel three-peak structure comes from
the interplay between SOC and Zeeman field. The most
interesting thing in the phase diagram is the existence
of a TSF phase if further increasing the SOC strength.
In this case, sweeping magnetic field will induce a series
of phase transitions: from the normal BCS state to the
LE state [28, 29] where the charge excitation is gapless,
then to the TSF state and metal state. In all the above
phases, the single-particle excitations for LE, TSF and
metal phases are gapless. The phase boundary between
the metal phase and other phases can be determined by
the Luttinger parameter Kρ, which can be easily pro-
duced by calculating the density-density correlations in
long-wave limit [30–32], i.e.,
Kρ =
N(k)
k/π
, k → 0 (7)
where N(k) =
∑
j,l e
ik(j−l)Njl, and Njl = 〈njnl〉 −
〈nj〉〈nl〉 is the density-density correlation function.
In Kitaev’s original paper [22] for the topological p-
wave superconducting chains, the U(1) symmetry of par-
ticle number conservation is destroyed. The basic ques-
tion is, in a charge conserved system, how can we deter-
mine whether a phase belongs to topological phase? The
topological degeneracy [20, 21] which comes from differ-
ent parity space will disappear as different parity states
must have different particle numbers. What is worse, the
low-energy excitation, i.e., the usual phonon excitation
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FIG. 3: (Color online) Finite size analysis of the pair binding
energy Eb for BCS state with α = 0.35, h = 1; LE phase with
α = 0.35, h = 1.6; TSF phase with α = 0.35, h = 1.9; metal
phase with α = 0.35, h = 2.5. The straight lines come from
linear fitting.
in one dimension from bosonization analysis, is propor-
tional to 1/L which makes the assumed zero modes in-
distinguishable [12]. We define the so-called pair binding
energy under OBC as follows:
Eb = 1/2[E0(N − 1) + E0(N + 1)]− E0(N) (8)
where E0(N) denotes the ground state energy with the
total particle number N . When N is an odd number, for
the normal superfluid state, including FFLO, BCS, and
mixed pairing phase, Eb is finite but negative represent-
ing the particles are paired together. For an even N , it is
positive and tends to a finite value in thermodynamical
limit. For the metal phase, this quantity, which equals
to the single-particle gap, is positive and tends to zero in
thermodynamical limit. For the normal superfluid state,
adding a particle into the system requires a finite amount
of energy, whereas for the TSF state, the particle can be
added at the end of the chain, which costs charging en-
ergy only [12, 14] in a charge conservation system. In
Fig.3, we do finite size analysis for the pair binding en-
ergy Eb and make a linear fitting of the DMRG data. For
the normal superfluid phase, Eb is finite in the thermody-
namical limit, while it tends to zero linearly for the metal
phase. For both the LE and TSF phase, this quantity is
close to zero in the thermodynamical limit.
Next we discuss the phase transitions between differ-
ent phases in the phase diagram with the magnetic field
fixed at h = 1.8. By sweeping the SOC strength, the sys-
tem undergoes five phases, i.e., the FFLO, mixed pair-
ing phase, LE, TSF and metal phase by increasing SOC
strength from 0 to 0.6. Fig.4 shows the main results.
Fig.4(a) to (b) demonstrate the magnetization and pair-
ing peak at k = 0 and k = kF = π/2 with respect to
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FIG. 4: (Color online) Phase transitions between different
pairing states driven by the SOC for the system with h = 1.8,
N = 24 and L = 48. (a) The magnetization; (b) pairing
correlations in momentum space: Ps(0) and Ps(kF ); (c) the
Luttinger parameter Kρ versus α. The red dotted line marks
Kρ = 1 which serves as a criteria to distinguish the super-
fluid state and metal state. (d) Singlet pairings in momentum
space for α = 0.1, 0.25, 0.35, 0.46 and 0.6, which correspond
to the FFLO, mixed pairing state, LE, TSF, and metal phases,
respectively.
the SOC strength. We can clearly see four phase tran-
sitions: first from the FFLO state to the mixed pairing
state at about α = 0.18, then to the LE state at about
α = 0.31, to the TSF state at about α = 0.42, and metal
state at about α = 0.52. The phase boundary can be
determined from either the discontinuity of the slope of
magnetization 〈σz〉 or pairing correlations in momentum
space. In Fig.4(c), we show the Luttinger parameter Kρ
with respect to the SOC strength. For the normal su-
perfluid state, LE and TSF state, Kρ > 1, while for the
metal state, Kρ < 1. The phase transition point deter-
mined via this way coincides with the result fixed by the
order parameter before. In Fig.4(d), we give the pair cor-
relations in momentum space. For α = 0.1, the system
is in the FFLO phase with two pairing peaks located at
some finite momentums. With the increase of the SOC
strength, the k = 0 peak emerges. For α = 0.25, the
exotic three-peak structure appears [13], corresponding
to the so-called mixed pairing phase. Further increas-
ing α, two peaks at finite momentums are suppressed.
At α = 0.35 and α = 0.46, where the system is in LE
and TSF phase respectively, the pair correlations in mo-
mentum space exhibit one main peak at k = 0 and two
sub-peaks at some finite momentums. Further increasing
the SOC strength, the two sub-peaks disappear and the
system enters into the metal phase with Kρ < 1.
To remove out any doubt on the existence of TSF phase
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FIG. 5: (Color online) (a1) to (a4) denote the spatial dis-
tributions of the transverse spin polarizations for the normal
superfluid phase, LE phase, TSF phase and metal phase under
OBC.. (b1) to (b4) denote the normalized single-particle ex-
citation C(i) by adding a spin-down particle in the N-particle
ground state. Here, α = 0.1, 0.35, 0.46 and 0.6 for (a1)-(a4)
(and (b1)-(b4)), respectively, from top to bottom.
in the present system, we consider the boundary effect
under OBC. The appearance of edge state under OBC is
usually considered to be a hallmark of non-trivial topo-
logical properties. For the TSF state in the present num-
ber conservation system, though the topological degen-
eracy no longer exists, there still exist some non-trivial
properties for the TSF phase. First, we consider the spa-
tial distributions for the transverse spin polarizations:
〈σx(i)〉 = 〈c
†
i↑ci↓+c
†
i↓ci↑〉, as shown in Fig.5(a1)-(a4). For
the normal superfluid state (a1) and LE state (a2), the
transverse polarization is distributed in the whole chain
while for the TSF state (a3), we observe the accumula-
tion of transverse polarizations at two ends of the chain.
For metal phase [Fig.5(a4)], the transverse polarization
shows usual staggered distribution. Next, we consider the
single-particle excitations by adding a spin-down particle
on the chain. For this purpose, we directly calculate the
matrix elements between the ground state with particle
number N and N + 1. This quantity directly reveals the
distribution of single-particle excitation for the many-
body ground state. Define C(i) = |〈N + 1|C†i↓|N〉|
2,
5where |N〉 denotes the ground state with N particles.
As illustrated in Fig.5(b1)-(b4), for the normal super-
fluid state (b1) and LE state (b2), the added particle
distributes in the whole chain, while for the TSF state, it
mainly distributes around the boundary. For the metal
phase, we still observe clear Friedel oscillations as ex-
pected for the metal phase.
Summary.- In summary, based on DMRG calculations,
we have studied exotic pairing states of the SOC Fermi
gas in 1D optical lattice with attractive interaction. The
interplay between SOC, Zeeman field and attractive in-
teraction induces a series of phases transitions between
different pairing states. These different pairing states
can be characterized by the pairing correlations in mo-
mentum space. We also find the existence of TSF state
in the phase diagram of the quarter-filling 1D attractive
Fermi lattice system with SOC in a numerically exact
way. The TSF phase exists at moderate magnetic field
and SOC strength. This non-trivial topological phase can
be characterized by its gapless single-particle excitation
and nontrivial edge distributions of the transverse spin
polarization and single-particle excitation.
Acknowledgment.- We thank Fuzhou Chen for helpful
discussions on the DMRG algorithm. This work has been
supported by NSF of China under Grants No. 11425419,
No. 11174115, and No. 11325417.
∗ Corresponding author, schen@aphy.iphy.ac.cn
[1] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045
(2010); X.-L. Qi, and S.-C. Zhang, Rev. Mod. Phys. 83,
1057 (2011).
[2] J. Dalibard, F. Gerbier, G. Juzelinas, and P. O¨hberg,
Rev. Mod. Phys. 83, 1523 (2011).
[3] Y. J. Lin, A. R. Perry, W. D. Phillips, J. V. Porto, and
I. B. Spielman, Phys. Rev. Lett. 102, 130401 (2009).
[4] Y. J. Lin, R. L. Compton, K. Jime´nez-Garc´ıa, J. V.
Porto, and I. B. Spielman, Nature (London) 462, 628
(2009).
[5] Y. J. Lin, R. L. Compton, K. Jime´nez-Garc´ıa, W. D.
Phillips, J. V. Porto, and I. B. Spielman, Nat. Phys. 7,
531 (2011).
[6] Y. J. Lin, K. Jime´nez-Garc´ıa, and I. B. Spielman, Nature
(London) 471, 83 (2011).
[7] P. Wang, Z. Yu, Z. Fu, J. Miao, L. Huang, S. Chai, H.
Zhai and J. Zhang, Phys. Rev. Lett. 109, 095301 (2012).
[8] L. W. Cheuk, A, T. Sommer, Z. Hadzibabic, T. Yefsah,
W. S. Bakr, and M. W. Zwierlein, Phys. Rev. Lett. 109,
095302 (2012).
[9] L. Huang, Z. Meng, P. Wang, P. Peng, S. Zhang, L. Chen,
D. Li, Q. Zhou and J. Zhang, arXiv:1506.02861.
[10] G. Moore and N. Read, Nucl. Phys. B 360, 362 (1991); F.
Wilczek, Nat. Phys. 5, 614 (2009); E. Majorana, Nuovo
Cimento 14, 171 (1937).
[11] A. Kitaev, Ann. Phys. (N.Y) 303, 2 (2003); C. Nayak,
S. H. Simon, A. Stern, M. Freedman, and S. Das Sarma,
Rev. Mod. Phys. 80, 1083 (2008); A. Stern, Nature (Lon-
don) 464, 187 (2011); R. F. Service, Science 332, 193
(2011).
[12] J. Ruhman, E. Berg, and E. Altman, Phys. Rev. Lett.
114, 100401 (2015).
[13] J. Liang, X. Zhou, P. Chui, K. Zhang, S. Gu, M. Gong,
G. Chen, and S. Jia, Scientific Reports. 5, 14863 (2015).
[14] A. Keselman and E. Berg, Phys. Rev. B 91, 235309
(2015.)
[15] L.-J. Yang, L.-J. Lang, R. Lu¨, and H.-P. Hu, Commun.
Theor. Phys. 63, 445 (2015).
[16] C.-L. Qu, M. Gong, and C. W. Zhang, Phys Rev. A. 89,
053618 (2014).
[17] F. Goth and F. F. Assaad, Phys. Rev. B 90, 195103
(2014).
[18] C. Chen, Phys. Rev. Lett. 111, 235102 (2014).
[19] X.-J. Liu and H. Hu, Phys. Rev. A 88, 023622 (2013).
[20] L. Fidkowski, R. M. Lutchyn, C. Nayak, and M. P. A.
Fisher, Phys. Rev. B. 84, 195436 (2011).
[21] J. D. Sau, B. I. Halperin, K. Flensberg, and S. Das
Sarma, Phys. Rev. B. 84, 144509 (2011).
[22] A. Y. Kitaev, Physics-Uspekhi. 44(10S), 131 (2001).
[23] S. White, Phys. Rev. Lett. 69, 2863 (1992).
[24] U. Schollwo¨ck, Rev. Mod. Phys. 77, 259 (2005).
[25] T. Bergeman, M. G. Moore, and M. Olshanii, Phys. Rev.
Lett. 91, 163201 (2003).
[26] A. E. Feiguin and F. Heidrich-Meisner Phys. Rev. B 76,
220508(R) (2007).
[27] M. Rizzi, M. Polini, M. A. Cazalilla, M. R. Bakhtiari, M.
P. Tosi, and R. Fazio Phys. Rev. B 77 245105 (2008);
M. Tezuka and M. Ueda Phys. Rev. Lett. 100 110403
(2008).
[28] A. Luther and V. J. Emery, Phys. Rev. Lett. 33, 589
(1974).
[29] Y. H. Chan, Phys. Rev. B. 91, 235136(2015).
[30] R. T. Clay, A. W. Sandvik, and D. K. Campbell, Phys.
Rev. B. 59, 4665 (1999).
[31] S. Ejima, F. Gebhard, and S. Nishimoto, Europhys. Lett.
70, 492 (2005).
[32] C. Cheng, B.-B. Mao, F.-Z. Chen, and H.-G. Luo, Euro-
phys. Lett. 110, 37002 (2015).
